We report on initial findings on Gabor systems with multivariate Gaussian window. Unlike the existing characterisation for dimension one in terms of lattice density, our results indicate that the behavior of Gaussians in higher-dimensional Gabor systems is intricate and further exploration is a valuable and challenging task.
Introduction
Gabor's seminal paper [1] claimed that every function in L 2 (R) can be well represented as a series of translated and modulated copies of the Gaussian g 1 (x) = e −π|x| 2 . In detail, he suggested that for every f ∈ L 2 (R) there exists a sequence of scalars c kl (f ) such that f (t) = k,l∈Z c kl (f )e 2πilt g 1 (t − k).
But while its central role in analysis and its wide spectrum of nice analytic properties, for example, optimal time-frequency concentration, make the Gaussian a natural candidate to be a window function for so-called Gabor systems, it is now well established that any series representation of the form (1) only converges to f in a distributional sense, and not in the L 2 -norm [2] . Today, the spanning properties of the Gabor system (g 1 , aZ × bZ) = {e 2πiblt g 1 (t − ak)}, a, b > 0, are fully understood, for example, the system suggested by Gabor turns out to be overcomplete ( [3, 4, 5] and Theorem 6 below).
Multivariate Gaussian and general Gabor systems though are far from being understood. While, for example, it is known that for any g, the Gabor system (g, Λ) = {e 2πiωt g(t − x) : (x, ω) ∈ Λ} is not a frame for L 2 (R d ) if the set Λ has density less than 1, nontrivial positive results for given window functions such as the Gaussian are scarce in the literature [6] . Simultaneously to our work, Gröchenig has started to study of multivariate Gaussian Gabor systems. His focus though is on so-called complex lattices [7] . Here, we provide some results that illustrate the intricate structure of Gaussian Gabor frames in higher dimensions for real lattices.
Gabor frames
We denote by
, and a modulation or frequency shift is the operator
is the set of all time-frequency shifts of the window function
Note that it is an easy consequence from Fourier analysis that (
, with Λ = Z × Z, the situation is already quite delicate as shown in [8] .
While Gabor orthonormal bases are useful, the so-called Balian-Low Theorem implies that they have a crucial shortcoming. Namely, if (g, Λ) is an orthonormal basis for L 2 (R), then g can not be well-localized in both time and frequency, in fact, we then have
Consequently, in Gabor analysis we resort to consider frames and Riesz bases.
for positive A and B is called a frame for
The constants A and B are called, respectively, a lower frame bound and an upper frame bound of the frame {φ k }.
for positive A and B is called a Riesz basis.
For a detailed description of frame and Riesz basis theory we refer to [9, 10] . To consider lattices, or more general countable sets in R 2d , we state the definition of density and summarize its role in Gabor analysis. Let B d (R) denote the l 2 -ball in R d centered at 0 and with radius R.
Definition 4
The lower and upper Beurling densities of M ⊂ R d are given by, respectively,
and let Λ be a full-rank lattice.
is a Riesz basis for its closed linear span, then D(Λ) ≤ 1.
The results listed in Theorem 5 have roots in various papers; they are nicely summarized in [6] . In the one-dimensional case, Gaussian Gabor frames and Riesz bases are well characterized [4, 5] .
) is a frame if and only if there exists a uniformly separated
In their proofs, Lyubarski and Seip-Wallsten used methods from complex analysis; the connection between Gaussian Gabor frames and complex analysis is described below. The short-time Fourier transform, also called continuous Gabor transform or windowed Fourier transform is defined formally by
In the Gabor case, the frame property (2) becomes a sampling set condition: there exist constants A, B > 0 such that
The Bargmann-Fock space is defined by
With this notation it is easy to see that
|x+iy| 2 , [4, 5] . This demonstrates that (g d , Λ) is a frame if and only if Λ is a sampling set for F. In d = 1 this was used to prove Theorem 6 [5, 4] . But in higher dimension it appears as if as little is known about sampling in Bargmann-Fock spaces as is known about multivariate Gaussian Gabor frames (see [7] for a more detailed discussion of this).
Gaussian Gabor frames for
The easiest way to create frames for L 2 (R d ), d ≥ 2, is to take tensor products of lower-dimensional frame systems. For n lattices Λ 1 , . . . , Λ n of the same dimension, we set
For a simple proof we refer to [11] . .Below we shall use the Zak transform which is defined via the series
For a detailed presentation of the properties of the Zak transform we refer to [9, 10] . Proof of Proposition 8. If a < 1, b < 1, then Theorem 6 implies (g 1 , Z × aZ) and (g 1 , Z × bZ) are frames for L 2 (R). Lemma 7 implies that (g 2 , Λ) is a frame for L 2 (R 2 ).
To show completeness of the Gabor system for a = b = 1, we observe that for (x, ω) = (x 1 , x 2 , ω 1 , ω 2 ) [9] implies that the Gabor system (g 2 ,
But
Note that here D(Λ) = 1 2ab
, so (g 2 , Λ) is a-priori not a frame if 2ab > 1.
If n 1 , n 2 are of the same parity, then n 1 ± n 2 is always even, otherwise, n 1 ± n 2 is odd. Hence, if a, b > 1 2
, then we can choose a nonzero f 1 ∈ L 2 (R) such that V g 1 f 1 (m 1 , a(n 1 + n 2 )) = 0, for all m 1 and all (n 1 , n 2 ) with n 1 − n 2 even, and a nonzero f 2 ∈ L 2 (R) such that V g 1 f 2 (m 2 , b(n 2 − n 1 )) = 0, for all m 2 , and all (n 1 , n 2 ) with n 1 − n 2 odd, since the densities of the respective lattices in R 2 are greater than 1.
implying incompleteness of (g 2 , Λ) for all a, b > . We note further that
If a, b = , the system (g 2 , Λ) is complete, because it is the union of two complete systems. However, it is not a frame for L 2 (R 2 ): we can choose > 0 and f 1 , f 2 ∈ L 2 (R) with unit norm such that k,l∈Z
Then letting F = f 1 ⊗ f 2 , it is not difficult to see that
where C is the norm of the
2 }, see [9] , Proposition 12.2.5. This implies that no lower frame bound exists for (g 2 , Λ).
If a, b < , then (g 2 , Λ) is a frame for L 2 (R 2 ), because it is the union of two frames for L 2 (R 2 ). Remark : Unfortunately, the cases a > are not answered by Proposition 9.
Generalizing the ideas underlying Proposition 9 leads to the following result for lattices Λ with a particular subgroup structure:
Proof. We split the n cosets of
The short-time Fourier transform of the tensor product ⊗ d i=1 f i factorizes, namely
where (x i , ω i ) ∈ A i Z 2 + [τ i ], [τ i ] being the coset representative of A i Z 2 in the restriction of
As the density of the set
is l i D(A i ) < 1, Theorem 6 applies and non-zero functions f i ∈ Lwith associated metaplectic operator µ(M ), the spanning properties of (µ(M )g, M Λ) are equivalent to those of (g, Λ) [12, 9] . Furthermore, the metaplectic operators µ(M ) associated to symplectic matrices M of the form The results presented only scratch the surface of the theory of multivariate Gaussian Gabor frames. But we hope that together with [7] , they will motivate further study on the subject.
